The development of quantum network relies on high-quality entanglement between remote quantum nodes. In reality the unavoidable decoherence limits the quality of entangled quantum nodes, however, entanglement distillation can overcome this problem. Here we propose an experimentally feasible scheme of continuousvariable entanglement generation, storage, and distillation between distant quantum nodes, which only requires the atomic ensemble quantum memory and balanced homodyne detection (BHD). Initially one copy of a bipartite entangled state of light, suffering phase fluctuations during the distributions, is stored in two distant atomic ensembles so that the atomic ensembles are entangled. Within the storage lifetime, by distributing and storing another copy of entangled optical modes in these two atomic ensembles, the distillation on entangled atomic spin waves can be implemented based on the post-selection of the BHD result. Our scheme provides a highly entangled state between remote quantum nodes for downstream applications, and enables the extension to multipartite entanglement distillation in a large-scale quantum network.
I. INTRODUCTION
In a quantum network, consisting of quantum nodes and quantum channels, stationary quantum nodes are used to store and process flying quantum information, and quantum channels play the role of transmission of quantum information and connecting quantum nodes [1] . The constructions of quantum nodes have been realized in different kinds of physical systems, such as atomic ensembles [2] [3] [4] [5] [6] [7] [8] [9] , single atoms [10] [11] [12] , trapped ions [13] [14] [15] , superconductors [16, 17] , optomechanics [18] [19] [20] [21] [22] [23] , solid-state systems [24] [25] [26] [27] [28] , and so on. Particularly, atomic ensemble as one of the ideal candidates for quantum nodes has attracted extensive attention, due to the collective enhancement of light-atom interaction. On the other hand, quantum entanglement is not only a striking feature of quantum physics, but also plays a core role in fields of quantum information science, including quantum teleportation, quantum cryptography, quantum secret sharing, and quantum computation [29] [30] [31] [32] . The quantum network will rely on the ability to generate, distribute, and store entanglement among quantum nodes [1, 33] , and thus the generation of high-quality entanglement between remote atomic ensembles is a long-standing goal for the development of quantum information science. The high-quality atom entanglement can be obtained based on high-efficiency quantum storage and highly squeezed optical modes. The squeezed state of 15 dB has been experimentally generated [34] , and cavity enhanced lightatom interaction enables high-efficiency quantum memory [35, 36] . However, the entanglement between remote quantum nodes is vulnerable to the unavoidable decoherence arising from the loss, and phase fluctuation during the entanglement * zhyan@sxu.edu.cn distribution, which degrade the entanglement quality and limit the distance between quantum nodes. Fortunately, the quantum repeater [37, 38] , composed of quantum memory [39] [40] [41] [42] [43] [44] [45] [46] , entanglement distillation [47] [48] [49] [50] [51] [52] [53] , and entanglement swapping [54, 55] , can conquer this detrimental effect.
Entanglement distillation, which can extract a small set of highly entangled states from a large supply of weakly entangled states in the presence of unavoidable decoherence, enables high-quality entanglement between remote quantum nodes in the quantum network [47, 48] . For the discretevariable (DV) quantum system, the distilled entangled photon pairs can be obtained by means of local operation and classical communication [53] . In the field of the continuous-variable (CV) regime, which paves another avenue towards the implementation of quantum information science, the information is encoded into continuous degrees of freedom of physical systems such as field modes of light or the collective atomic spin states [56] [57] [58] [59] . Recently, the proof-of-principle experimental demonstrations of entanglement distillation on the nonclassical state of light have been successfully carried out by using measurement-induced non-Gaussian operations. For example, subtracting a single photon, yielding a non-Gaussian state from the initial Gaussian state, makes entanglement distillation come true [60, 61] . With the development of quantum information, preparing of distilled entanglement between remote quantum nodes in the quantum network is the building block of various high-fidelity quantum information protocols. Besides the important application of entanglement distillation in quantum communication [38, 62] , it also plays a central role for quantum computation [63] , because it can significantly increase the quality of logic operations between different elementary logic units. The efficient and nondestructive DV entanglement distillation with improved fidelity in atomic quantum nodes has been experimentally realized. Two pairs of entangled ions, which are confined in a linear multizone Paul trap, are created and connected by phase gates, and measured by state-dependent fluorescence [64] . The distillation of a remote entangled state with increased fidelity for further use has been heralded by single-photon mediated entanglement of the electron spins (communication qubits), robust storage in the nuclear spins (memory qubits), and local operations. The electron spin entanglement is produced by two sets of entanglement between a photon and electron spin together with the low efficiency or complex single-photon detection [65] . For the CV quantum distillery, although it is probabilistic, the failed operation merely degrades the quality of entangled quantum nodes. Datta et al. have shown a CV entanglement distillation scheme consisting of four atomic ensembles to act as nonlinear and linear elements for generating, storing, and distilling entanglement, where 50% storage efficiency, nearperfect retrieval efficiency, as well as single-photon and vacuum detection are required [66] . For the future development of quantum network, it is still challenging to explore feasible preparation of the distilled CV entanglement between remote atomic ensembles for further downstream applications.
In this paper, we propose CV entanglement distillation between two remote separated atomic ensembles, which can overcome the influence of phase noise in the entanglement distribution channels. In our scheme, only one set of the entangled resource of light is employed and two atomic ensembles without the need of cooling and trapping systems can be used as the candidates of quantum nodes; besides balanced homodyne detection (BHD) with a near-perfect efficiency diode is required, instead of single-photon detection. In addition the entanglement distillery works well in a broad range of storage efficiency and is independent of retrieval efficiency. In this feasible entanglement distillation procedure, the local interference between phase-diffused entangled atomic spin waves and phase-diffused entangled optical modes at each location and post-selection are employed, which is easily implemented by only well-established Gaussian operation technology, including atomic-ensemble quantum memory and BHD. The atomic-ensemble quantum memory can provide the required storage efficiency for local interference in entanglement distillation. The post-selection is realized based on the BHD results of the optical modes emerging from atomic ensembles. Neither non-Gaussian operation and measurement nor perfect quantum state mapping efficiency is involved in our scheme, which is simple to implement in experiment. First, entangled optical modes can be produced by two degenerate optical parameter amplifiers (DOPAs) and a beam splitter, and distributed to two remote atomic ensembles. The random phase fluctuation is a natural noise source in the quantum channel, which will give rise to a non-Gaussian entangled state. Subsequently phase-diffused entangled optical modes are stored in atomic spin waves of two atomic ensembles to establish the entanglement between these atomic spin waves. The entanglement distillation begins with a non-Gaussian entangled state between two atomic spin waves. Afterwards, a fresh copy of such kinds of entangled optical modes is interfered with atomic spin waves stored in atomic ensembles. Finally, by conditioning the BHD results of the interference output fields, the successful realization of entanglement distillation of atomic spin waves can be obtained, which enables the downstream applications in quantum network, such as the highly faithful quantum information network. By applying the total variance between two atomic ensembles, we can check the entanglement distillation performance, and the dependencies of total variances on systematic parameters are theoretically investigated. The calculation results numerically demonstrate that our proposal overcomes the phase noises in the quantum channels of entangled optical modes, and improves the quality of CV atom entanglement for quantum information applications. The protocol can make it possible to regain the nonclassical property even when the atom entanglement before distillery almost disappears, and to extend the distance between quantum nodes.
The paper is organized as follows. The generation, distribution, storage, and distillation of entanglement between two space-separated quantum nodes are investigated in Sec. II. In Sec. III we will study the performance of entanglement distillation between two atomic ensembles, and analyze the experimental parameters' influence on the entanglement distillation effect. And a brief summary is provided in Sec. IV.
II. SCHEME OF GENERATION AND DISTILLATION OF ENTANGLEMENT BETWEEN QUANTUM MEMORIES
Our protocol consists of the nonclassical source for generating EPR entangled optical pulses, two atomic ensembles as quantum nodes, and two sets of BHD systems. Especially, it requires two operation procedures of storing entangled optical pulses in atomic ensembles. Due to the random phase fluctuations in entanglement distribution channels, they transform the quantum state of light from the pure Gaussian entangled state into the mixed non-Gaussian entangled state. In the first quantum memory procedure for atom entanglement establishment, two atomic ensembles are entangled by means of linearly mapping the quantum state from optical modes to atomic spin waves, and thus the atomic ensembles are also in the mixed non-Gaussian entangled state. In the second quantum memory procedure for atom entanglement distillation, quantum interference between the second entangled optical pulses and entangled atomic spin waves enables one to distill atomic spin wave entanglement, together with conditioning of the BHD measurement outcome. The entanglement distillation procedure can reduce the total variance of the mixed nonGaussian entangled state between atomic ensembles by only retaining the results with small phase fluctuations.
The complete steps of the entanglement distillation protocol are depicted in Figs distributed, and stored in these two atomic ensembles, which allow the local interference between the input entangled optical modes L are obtained, which can be used for further quantum information applications. In the atom entanglement distillation protocol, the two input parts of the interference usually have the same quantum correlation degree [49, 67] . The structure of the optical chopper, shown in the insert of Fig. 1 , is employed in our protocol, and two slits are carved in the disk. In zone I, nothing is in the slit; in zone II, an attenuator is attached here; in zone III, it is made of metal material to block the optical beams. In Fig. 1(a) (zone I of the optical chopper works), the optical modes pass the choppers without attenuation for the first quantum memory. In Fig. 1(b) (zone II of the optical chopper works), the optical modes pass the choppers with a variable transmissivity, so that this operation provides optical modes with a desirable quantum correlation degree for the second quantum memory. The EIT process is used as a beam splitter to realize the interference between the second copy of entangled optical modes and atomic spin waves in two atomic ensembles, which are entangled as a result of quantum state mapping from the first copy of entangled optical modes. The quantum correlation degree between atomic spin waves is worse than that between the second copy of optical modes, because of the limited storage efficiency, so two choppers are introduced to attenuate the quantum correlation degree of the optical modes in the second round, and thus the quantum correlation degree of the second optical fields is equal to that of the atomic ensembles, which is similar to previous schemes [49, 67] . And thus the transmissivity of the chopper is chosen as the same value of storage efficiency of the atomic ensemble, which is equal in the first and second rounds. Finally when zone III of the optical chopper works, the optical modes are blocked, so the BHD outputs the quantum noise limit (QNL). Therefore the optical pulses after the entanglement distribution always remain the mixed non-Gaussian state with (zone I) and without (zone II) the attenuation because the attenuation plays the role of the linear beam splitter.
The inseparability criterion can be applied in verifying EPR entanglement, and in the criterion the quantum correlation of the Gaussian state can be quantified by the total variance EPR = (δx) 2 + (δp) 2 , which is the sum of correlation variances of quadrature amplitudes and quadrature phases [68, 69] . If the total variance EPR is less than QNL as EPR < 1, then the state is entangled. In the first and second quantum memory procedures, two atomic ensembles are in the mixed non-Gaussian entangled state, as a result of the phase noises in entanglement distribution channels. Although for the mixed non-Gaussian state, the total variance is strictly speaking not an entanglement measurement, it can be used to quantify the degree of quantum correlations between two quantum systems and is able to be easily observed by using BHD in the experiment [49, 70] . The performances of quantum entanglement between two atomic spin waves before and after entanglement distillation can be verified by the total variances.
First of all, the production of entangled optical modes is required for both atom entanglement generation and distillation. The generation of the Einstein-Podolsky-Rosen (EPR) entangled state of light can be realized by interference of the quadrature amplitude squeezed state and the quadrature phase squeezed state on the 50:50 beam splitter. Parametric down-conversion is one of the well-established techniques for generation of the nonclassical state of light [71, 72] . The DOPA1 and DOPA2 operate in parametric de-amplification and amplification to produce quadrature amplitude and phase squeezed states of light, respectively, and then are coupled on the beam splitter with 0 relative phase. The output optical modes form the EPR entangled state, and they are chopped into optical pulses which can interact with atomic spin waves. The initial quantum state from the output of beam splitter interference between output squeezed states of two DOPAs is the pure Gaussian EPR entangled state. And the Wigner function of the coupled modex
where
. The resulting entangled optical modes are distributed to two spatially separated atomic ensembles, through the quantum channels, which will suffer the random phase fluctuations in the quantum channels. And thus the Wigner function after entanglement distribution will evolve into a positive and nonGaussian mixed state, given by
is the probability distribution of the random phase fluctuation, and is assumed to exhibit Gaussian distribution with the mean zero and variance σ 2 , as (φ) = exp (−φ 2 /2σ 2 )/ √ 2πσ 2 . After the entanglement distribution, the total variance becomes NG L = φ (e −2r cos 2 (φ) + e 2r sin 2 (φ)) (φ)dφ. Electromagnetically-induced-transparency (EIT) quantum memory has the capability of capturing, storing and releasing a fast flying nonclassical state with the stationary matter system on demand. An atom with type three energy level structure of a ground state |g , a metastable state |m , and an excited state |e is used as the quantum memory medium [33] . The signal field corresponds to the transition between a ground state |g and an excited state |e , while the control field is at a different wavelength of near resonance with the transition between a metastable state |m and an excited state |e . Similarly the collective atomic spin wave is described by Stokes operatorŜ = |g m|, and the amplitude and phase quadraturesx A andp A of the atom arex [59] . In our system, the control field is treated as a classical field because it is much stronger than the signal field. In a rotating frame resonant with the input carrier frequency of the quantum signal, the effective HamiltonianĤ EIT isĤ EIT = ihgâŜ † − ihgŜâ † [73] . Here the effective light-atom interaction constant
where N a is the number of atoms, μ is the light-atom coupling coefficient, is the Rabi frequency of control field, and is detuning of light and atom coupling [38, 73] . According to the Heisenberg motion equation ih
we can get the dynamic equation of operators for the EIT quantum memory. Under the interaction of control fields, the quantum states of the signal light and the atomic spin waves can be converted to each other. The decoherence is unavoidable in the atomic ensembles, and limits the storage lifetime. The three stages of the quantum memory process are writing, storage, and retrieval. (i) In the writing process, both the weak signal pulse and strong control field interact with an atomic medium, so that the atomic medium becomes transparent for the signal pulse and the group velocity for the signal field is reduced. As the whole signal pulse is totally compressed in the atomic medium, the control field is adiabatically switched off, the writing process occurs, and the quantum state is transferred from light into the atomic spin wave. (ii) In the storage process, the decoherence is unavoidable in the atomic medium, which limits the storage lifetime. (iii) In the retrieval process, by adiabatically switching on the control field again, the reading process happens and the quantum state can be transferred back from the atomic spin wave to the released optical mode. By solving the Heisenberg equations of the light and atomic spin wave, we obtain the solutions as follows:
where both the writing efficiency η S of quantum state transfer from the optical mode to atomic spin wave and the decoherence are considered in the storage efficiency η S as η S = η M e −t/τ , where τ is the storage lifetime limited by atomic decoherence and η R is retrieval efficiency. And thus quantum state mapping makes it possible to entangle quantum nodes. The required storage efficiency for local interference can be obtained by changing the control field power. Therefore, the spin waves in two atomic ensembles are entangled by high-efficiency linear mapping of the quantum state from entangled optical modes into atomic spin waves.
In the first quantum memory procedure, two atomic ensembles can be entangled by storing the entangled state of the first optical pulses in atomic spin waves. The quadrature amplitude and phase components of the coupled atomic spin waves before (after) the first quantum storage A 
The EIT-based quantum memory process is usually treated as beam splitter interaction, and the quantum memory for the first entangled optical modes isâ The second quantum memory for the quadrature amplitude isx
A,− . Before light-atom interference the coupled-mode quadrature amplitude initial joint probability of the coupled mode of the first stored atomic spin wavesx 1 A,− and the second copy of entangled optical modesx
, where η T is transmissivity of optical chopper. After quantum memory, the coupled-mode quadrature amplitude joint probability of the second stored atomic spin waveŝ x
Finally, Alice and Bob measure the transmitted optical modeX BHD 1(2) by BHD 1 (2) , and exchange the measured results via classical communication channels, which can determine the success or failure of entanglement distillation. The distillation scheme is probabilistic operation which succeeds if the measured trigger value falls below the triggered threshold, as δx = |(x BHD 1 −x BHD 2 )/ √ 2| < Q, where Q is a certain threshold to vary the selectivity of the protocol. With the help of entanglement distillation, the entanglement between final atomic ensembles A 2 and the success probability of entanglement distillation P as where 2 can be reduced after entanglement distillation with the same successful probability P forx 2 A,− , and the quadrature phase variance of the mixed non-Gaussian state between atomic spin waves after entanglement distillation
(9) The function erf(
) plays the role of the filter suppressing large phase noise, and both (δ(x are reduced in this protocol. Once the trigger condition is satisfied, the quantum state shared by two atomic spin waves is projected into the higher quantum correlation state. And thus the total variance of the distilled entangled atomic spin state between two atomic ensembles
2 can be reduced.
III. PERFORMANCE OF ENTANGLEMENT DISTILLATION BETWEEN ATOMIC ENSEMBLES
The total variances of atomic spin waves before and after entanglement distillation are shown in Figs. 2-4 , which are obtained before reading out the spin waves into optical modes. In order to verify the performance of entanglement distillery, the atomic entangled state can be converted into released optical modes in the retrieval process and measured by BHDs. Figure 2 demonstrates the dependence of the total variance A for original and distilled atomic spin states on the storage efficiency. All parameter values are experimentally reachable to provide direct references for experimental system design. In the generation of squeezing of light at 795 nm [74] , the squeezed state of light with squeezing parameter r = 0.64 for the rubidium atom D1 absorption line has been generated, where the corresponding squeezed degree is −5.6 dB. In the experimental work [33] , the storage efficiency is usually about 48%. If the optical cavity is employed to enhance the light-matter interaction, the retrieval efficiency can reach 73% [35] . A storage-retrieval efficiency of 92% can be realized in the cold atomic media with high optical depth [75] . In our system, the experimental parameters are taken into account in the calculation as following: squeezing parameter of DOPA is r = 0.46, the phase diffusion noise is σ = 0.66, and certain trigger threshold is Q = 0.45 . The dash-dot line is QNL. The solid line corresponds to the case with entanglement distillation, and meanwhile the dashed line is for the case without entanglement distillation. The smaller A is, the better the atom entanglement is. When the storage efficiency is 0 the total variance dis A corresponds to QNL, because no entangled optical modes are stored in atomic ensembles and the vacuum fluctuations in atomic spin waves appear. The input optical modes are totally stored with the storage efficiency of 1. In this case, no entanglement distillation occurs and atomic total variance is the phase-diffused entangled state, which is higher than the QNL. The solid line and dashed lines are overlapped at these two points, which shows that no entanglement distillation occurs. When the storage efficiency is around 0.76, the total variance dis A almost reaches the minimum value, and the best entanglement distillation can be obtained. For storage efficiency η S = 0.76, the total variance dis A can be reduced from 1.01 to 0.95, which is better than the results with other storage efficiencies. Thus atom entanglement can be regained from the phase-diffused entangled state with the help of entanglement distillation. Figure 3 shows the total variances A of the distilled state (solid line) and the phase-diffused state (dashed line) versus phase noise σ . All other parameter values are the same as those in Fig. 2 except the storage efficiency η S is 0.76. The dash-dot line is QNL. The total variance of the distilled entangled state is compared with that of the phase-diffused state before distillation to quantify how effective the distillation protocol performs. We can see that the distillation protocol reduces the total variances A of the phase-diffused entangled state. The phase noise will destroy the entangled degree, and (2) , and (3) depict the total variances before distillation with phase diffusions σ = 0.7, σ = 0.5, and σ = 0.3, respectively; curves (4), (5) , and (6) depict the total variances after distillation with phase diffusions σ = 0.7, σ = 0.5, and σ = 0.3, respectively; curve (7) shows QNL. (b) Distillation probability P versus the threshold Q.
even atom entanglement will disappear when the phase noise is large. However, the larger the phase noise is, the better the performance distillation protocol works. When no phase noise is introduced σ = 0, the entanglement distillation does not occur, which satisfies the no-go theorem [76] . The distillation becomes efficient for larger values of phase noise. Without entanglement distillation the entanglement is completely lost for larger levels of phase noise. For the phase diffusion noise σ = 0.66, the total variance in A is larger than 1 for the initial state, which shows no nonclassical behavior. But entanglement distillation can make the total variance dis A below the unity boundary. The entanglement distillation protocol still can decrease the total variance from 1.01 to 0.95.
The function of total variance A for atomic ensembles and distillation probability P on the threshold Q are illustrated in Figs. 4(a) and 4(b) , respectively. In Fig. 4(a) , curves (1), (2) , and (3) depict the total variances before distillation with phase diffusions σ = 0.7, σ = 0.5, and σ = 0.3, respectively; curves (4), (5), and (6) depict the total variances after distillation with phase diffusions σ = 0.7, σ = 0.5, and σ = 0.3, respectively; and curve (7) shows QNL. All other parameter values are the same as those in Fig. 3 . The threshold Q influences the performance of atom entanglement distillation. A trigger signal obtained as a measured quadrature value is below the chosen threshold, and its corresponding probability of successful preparation of the highly entangled state is P. If Q is close to zero, the random phase fluctuation, which mixes the noisy two-mode antisqueezed quadrature into the coupled-mode squeezing quadrature, is small. This condition selects the fraction of small phase fluctuation. For the phase diffusion noise σ = 0.7, the total variance of atomic spin waves is higher than QNL, and it is distilled to a value below QNL with the trigger threshold Q = 0.82. Although the big phase noise makes the total variance high, the performance of entanglement distillation is good, which can overcome the phase-diffused entangled state. This scheme is suitable for the entanglement distillery with the large phase noises. For a threshold of 0.45, a success rate is 0.5, and the distillation deploys its nearly full potential. Lower values of Q result in a stronger distillation effect but also in a reduced success probability. It is promising to find that for a success rate as high as 0.5 the protocol has nearly developed its full potential.
The phase noises are unavoidable in the entanglement distribution channels and transform the pure Gaussian entangled state into the mixed non-Gaussian state with a reduction of entanglement. When our systematic parameters are taken into account as the squeezing parameter of DOPA r = 0.46, random phase fluctuations in entanglement distribution channels σ = 0.66, and the storage efficiency η S = 0.76, the total variance of the pure Gaussian entangled state of light before entanglement distribution is G L = 0.4, and the total variance of the mixed non-Gaussian state of light after the entanglement distribution is NG L = 1.012, which is caused by the phase noises in entanglement distribution channels. And the entangled optical modes are the essential tools to entangle two atomic ensembles by means of linearly mapping the entangled state from optical modes to atomic spin waves. If the transmission distance is short or there are no phase noises in entanglement distribution channels, the two atomic ensembles are in the Gaussian entangled state, and the total variance between atomic spin waves without phase noise is G A = 0.54. However, the phase noise is inevitable, and these atomic ensembles are in the mixed non-Gaussian state, and the total variance between atomic spin waves with phase noise is in A = 1.009. Our atom entanglement distillation can overcome the phase noises in distribution channels, and selects the mixed non-Gaussian atom entanglement state with the small phase fluctuations to reduce the total variance. As long as the entanglement distillation between two atomic ensembles A 2 1 and A 2 2 is heralded, the quantum correlation degree between atomic spin waves is better than that of initial atomic ensembles A 1 1 and A 1 2 without entanglement distillation in the broad parametric range. Especially the quantum correlation degree between atomic spin waves can be improved to dis A = 0.95, and the entanglement that is lost due to the phase noise in quantum channels is able to be recovered, when the proper storage efficiency is employed in entanglement distillation.
IV. SUMMARY
We have shown the feasible scheme of generation, storage, and distillation of the entangled state between remote atomic ensembles in the quantum network. In our protocol, each quantum node can be used for not only storing the quantum state but also distilling entanglement, and the atomic-ensemble quantum memory and BHD technique are involved in the quantum node. The entanglement distillation between atomic ensembles can improve the quality of the phase-diffused entangled state, which can be applied in long distance quantum communication in a wide range of physical systems, and even can regain the disappeared entanglement between long distance quantum nodes. The combination with a de-Gaussifying operation, such as single-photon substraction, would provide a CV entanglement distillation scheme capable of suppressing the effect of losses. Furthermore, the iterative entanglement distillation can provide better performance. Moreover, our scheme can be extended to other quantum information candidates, such as trapped ions, superconductors, and so on. The technique of constructing entanglement among three atomic ensembles based on entanglement mapping is compatible with our scheme, and thus makes it possible to distill multipartite entanglement in the extending network by adding more atomic ensembles and entangled optical modes. It points the way towards implementation of large-scale quantum information architecture to bridge the gap between in-principle and real-world quantum information science applications.
